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Abstract By virtue of the “invariant eigen-operator” method which originates from the
Heisenberg equation of motion, we derive energy-level gap of some dynamic Hamiltonians
in many particle physics, which includes a Tomonaga model and spin wave model.
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1 Introduction

Traditionally, deriving eigen-energy spectra of quantum mechanical dynamic systems [1] is
to solving stationary Schrédinger equation when the corresponding Hamiltonian H does not
include time explicitly, and the solution of Schrodinger equation A v, = E, V¥, is usually
obtained by diagonalizing H or by recasting the equation into some quantum mechanical
representation (e.g. the coherent state and entangled state representations) to become some
c-number differential equations. However, in many cases these differential equations are
hardly analytically solved, only very limited dynamic systems can be solved exactly and
analytically. A question thus emerges: Can we directly employ the Heisenberg equation to
derive energy spectra of some dynamic systems in many-particle physics theory? Though
the Heisenberg equation is on the same solid footing as the Schrodinger equation, the former
is seldom directly employed to derive energy-level information of dynamic systems.

In this work based on the invariant eigen-operator (IEO) method set up in Refs. [2-5]
we shall concisely derive the energy spectrum of some many-particle Hamiltonians which
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involve either Bose operators or Fermi operators. Through solving these models one can
conclude that this method possesses the universal feature, i.e. it can be not only applied to
solving some bosonic models, but also the fermionic ones. In Sect. 2 we shall briefly review
the invariant eigen-operator method. In Sect. 3 we shall deal with the famous Tomonaga
model [6] (I:I 1 in (5)) which describes the one-dimensional electron gas. Usually this model
was solved by reducing it to bosonic form after taking some appropriate approximation,
though the original model is fermionic. We shall apply IEO method to the approximated
Tomonaga model to derive this system’s energy-level gap. In Sect. 4 and Sect. 5 we apply
the IEO method to the electron—electron interacting Hamiltonian H,, and electron—phonon
interacting Hamiltonian Hy respectively. As one can see shortly later, the IEO method sig-
nificantly simplifies the energy-gap calculations.

2 The Invariant Eigen-Operator Method

Let us recall the original idea of Schrodinger quantization scheme, he took the identification

zdi <« H, s0 1% is named the Schrodinger operator in many references. Similarly, we

have (l > <« H", now we set up an equation for an operator Oe,

(~i)"a _ 30 |
ldr e =10, 1)

when n = 1, it looks like in form to i j—tw =H Y. Thus we call (1) as n-order invariant eigen-
operator equation, and X is the corresponding ‘eigenvalue’. Using the Heisenberg equation
of motion

d

iE0€:[0e,H], h=1, 2

we can write (1) as

<i%>n O.=[...[[0.. H]. H]....,A] =10.. 3)

If we can find such an O, that satisfies (3) we can say that +/A is the energy-level gap. To
clarify this point of view, we take n = 2 in (3), and assuming |¥,), |¥,) are two adjacent
stationary eigen-states of Hamiltonian H with eigen-values E,, E;, then we have

d\? « A Aq oA A
(Wl (’E) Oul¥s) = Wal[[Oe, H], A1) = (Ep — E)*(al O, 115)
= MYl O ¥). 4)

Since (waléelljfh) is a nonzero matrix element, the energy gap between |y,) and |v) is
E, — E;, = v/A. Generally speaking, due to (i%)” «—> H", we can judge that /% is one of
the energy-gap. Therefore, once the ‘invariant eigen-operator’ ée is found, some informa-
tion about energy eigenvalues can be obtained. This method is quite concise and effective
and may be applicable to many situations in many particle physics.
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3 Searching for Energy-Gap of the Tomonaga Model by IEO Method

The Hamiltonian describing an one-dimensional interacting electron gas (the length of the
system is L) by Tomonaga [5] has the following initial form

N JA 1 A
Hi=vr Y [ KICl, Cuo + 57 3 Vib(K)p(—k), Q)
k

ko

where Cy, is the Fermi operator, the density operator is

pk) = Z élfk/laél”rk/zv”’ ©)

p.o

and vy denotes the Fermi velocity of the particles, the index o = %1 denote for spin 4 and |,
respectively, and V; figures the electron-eletron interaction term. Basing on the momentum
p above or below zero, p(k) may be devided into two terms: p(k) = p; (k) + p2(k), where

pi(k) = Z é;k/z,acﬁk/zﬁ,

p>0,0

ﬁz(k) = Z CA‘;_k/z’gCp+k/2,a—~

p<0,0

@)

After making some approximations (in which the important one is assumimg that the exci-
tations of the electron gas are exactly bosons), i.e. expressing the density operators in terms
of the bosonic creation and destruction operators ([by, bZ,] = 8i)

1 1
. ~ (kL\2 . e (KLY 2
m®=m<—), m&@zﬂ(—),
T T

1 1 ®)
R A kL\? R A kL\?
m®=ﬂ4—>, pwﬂ=h%—>,
i T
the one-dimensional electron gas can be recast into the boson Hamiltonian
I:II = Zwkl;Zl;k + Z ‘_/k (l;k + l;ik) (l;Z + Z;_k> s )
k k

where V; = ‘kzl%

We now derive invariant eigen-operators Oe for H 1. Without loss the generality we as-
sume that O, is

O, = mby +nb} +1b_ + pb',. (10)

where m, n, [ and p are four ordinary coefficients undetermined.
Using the Heisenberg equation we obtain a series of commutation relations

[Z;k, 1:11] = wyby + Viby + ‘_/kf;ik,

I:f;]l, 1:1]] = —wki)\z - ‘_/kl;li - ‘_/kl;,k,
an
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[zS_k, ﬁl] = Vib| + Vib_y.
(61, 0] = Vb~ Vb,
It then follows from (2) and (11) that
[ée, ﬁl] = (mwk +mV, — p\_/k) Ek + (—na)k —nV +l\7k) l;,‘(
+ (—n\_/k —HVk) l;,k + (ka — p\_/k) I;T_k
Comparing (12) with (3) (n = 1) we obtain a set of linear algebraic equations

(0c+ Vi —=2)m = Vip =0,
— (o + Vi +2)n+ Vil =0,
—an—l—(Vk—A)l:O,
Vkm—(\;k+k)p=0.

(12)

13)

As a linear homogeneous algebraic equations of the unknown variables m, n, [ and p,
the sufficient and necessary condition for existing nonzero solutions is that the coefficient

determinant of the matrix is zero, i.e.

a)k—i—\_/k—)» 0 0 —‘7/(
0 —wr—Ve—r W, 0
det k _k _ , =0,
0 —Vi Vi — A 0
Vi 0 0 —Vi—A

which is

1T - -
22— 2 |:4ka1< + 2(1),% + 2a)k\/mi| =0,

so the energy-level gap A E of the Hamiltonian FII is

_ ]
AE=\A= (wf+4kak)2 :tia)k.

1
2
Alternately, according to (3) for n = 2 case, we can further calculate
[[0:,, ﬁ]] , 1:11] = (mw,% +2mViwy, — kaa)k) I;k + (nw,% +2nViow — l\_/ka)k) l;Z
+ n‘_/kwkl;_k + kawkl;T_k.

Letting (17) be equal to )\/OAE, we can derive another coefficient determinant

a),% + Zkak - 0 0 _kak
0 o + 2V — N —Viw 0
det k i kWk k Wk —0.
0 kak —)\/ 0
kak 0 0 -\
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(16)
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with the solution

1 _ -
A= 1 <4Vka)k + 2w,% + 2wk,/w,% +4kak> . (19)

Thus the energy-gap is AE = V&' = (o} +4V,w)t £ Sk, which is just the same as (16).
At this point we mention that the unknown constants m, n, [ and p need not be solved, this
is the advantage of our formalism. The above energy-gap coincides with the result in [5]
gained via diagonalization method.

4 Energy-Gap of the Electron-Electron Interaction Hamiltonian Gained by IEO
Method

Next we deal with a Hamiltonian model which describes the electron-electron interaction
process,

i
i=1

where (":'; and C‘,- (i =1, 2) denote the fermion creation and annihilation operators, respec-
tively, and they obey the anticommutation relation {éi, CA‘]I} = §;j. ki and ky are two real
coupling coefficients. In this Hamiltonian, the first term can be considered as the total ki-
netic energy of two electrons. C,C denotes the destruction of two electrons process, while
CA’IT(:‘; is its inverse process. C 362 indicates the process of creation of the second electron at
the expense of annihilating the first electron. 6‘; C, is its inverse process. In whole process,
the system total energy is conservative, because [Ziz:l w;CA‘,T C’,-, ¢ ITCA‘ZT + é‘zé 1] =0, and
[é;éz + é;—é], 252:1 w,éjé,] =0.
Using the following operator identity

[P.DF]={P,D}F - D|P,F}, 1)

where the bracket { } denotes anticommutation symbol, we can derive
(22)

In order to search the invariant eigen-operator O, of the Hamiltonian H,, we assume its
form being

0, =aC, +BC] + uC, +vCj, (23)
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where «, B, i, and v are unknown. Substituting (23) into the Heisenberg equation and
comparing with (3) (n = 1), we can obtain a set of linear algebraic equations

(w1 — Mo +koypp — kv =0,
(—wy —A)B+ ki —kv=0,
kyoo — ki + (0 — M) =0,
ki — ko + (—wy — A)v =0.

(24)

As a linear homogeneous algebraic equations of the unknown variables «, 8, w, and v,
the sufficient and necessary condition for existing nonzero solutions is that the coefficient
determinant of the matrix in (24) is zero, i.e.

w) — A 0 k2 —kl
gt & T A kR I (25)
k2 —k1 wy — A 0
kl —k2 0 —w — A

from which we can derive the energy-gap

1 1
AE=A=ﬁ(—Zklz+2k§+wf+w§j:\/§)2, (26)
where ¢ is a complex value
e =[(w1 + @) — 4k} (@1 — 02)* + 4k3 (01 + )*. (27)

5 Energy-Gap of the Electron-Phonon Interaction Hamiltonian with Use of IEO
Method

In this section, we tackle the electron-phonon interaction Hamiltonian [6]
fir = é‘*‘é[sc 3 M, G, +&;)] Y i, (8)
q q

where &; and a, denote the independent boson operators of phonon creation and destruction,

respectively, CT is the electron’s creation operators. ﬁg describes an electron with energy &,
interacting with a set of phonons with vibrating frequency w, . The interaction can not occur
unless when the states occupied and CiC=1.

For H; we assume that the first invariant eigen-operator is

A M, ~.~
O =a,+—2C'C. (29)
Wy
Directly using the Heisenberg equation, we can deduce
. d A PN N My ~sn A
:Eoelz[oel,m]:wq dg+—2C'C ) =w, 0. (30)
%)

Thus, we see that one of the energy-level gaps of this system is AE; = w,.
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Secondly, we exam if the another invariant eigen-operator has the form

Oezzéexp[Z% (@ —&q)]. 31

g
By calculating

LG =[O 1
lE 62_[327 3]

q q q
A Mq At _ A AT A 1 Mq At 4
=¢.C epr:Zq: o () - a,,)] - ZAC(C ¢ - E) exp[Xq: w—q(aq —a,) | (32)
and taking the above mentioned condition CTC =1 into account we see that (32) becomes
d A M, N
iE0€2=(gc—A)Cexp|:Z w—q(&; —&q)] = (g, — A) O,». (33)

q q

N

Thus O,; is indeed an invariant eigen-operator. Correspondingly, another energy-gap is
2
My

. (34)
Wq

AEy=¢.—A=g.—)
q

In [6], Hs is diagonalized as fl{ =CiCe.— A+ Y. . w;&q&q by making a complicated
2
canonical transformation, where A =) q Z—;’ is named as the self-energy, this coincides with

our conclusion. From this example, we can conclude that for the Hamiltonian 1:13 there exist
two invariant eigen-operators (this resembles that an operator may have a few eigenstates).
Consequently, there exists two set of energy spectra in this system.

In summary, by employing the IEO method, we have resolved several models in many-
body physics and obtained their energy-level gaps successfully. Without doubt, its features
of simpleness, directness and efficiency have been embodied fully.

References

Schrodinger, E.: Four Lectures on Wave Mechanics (1928)

Fan, H.-Y,, Li, C.: Phys. Lett. A 321, 75 (2004)

Fan, H.-y., Wu, H.: Il Nuovo Cimento B 122, 257 (2007)

Jing, S.-c., Fan, H.-y.: Mod. Phys. Lett. A 20, 691 (2005)

Ren, G., Fan, H.-y.: Int. J. Theor. Phys. 48, 2016 (2009)

Mahan, G.D.: Many-Particle Physics. Plenum, New York (1981)

Uk W=

@ Springer



	Deriving Energy-Level Gap of Some Dynamic Hamiltonians in Many Particle Physics by Virtue of the Invariant Eigen-Operator Method
	Abstract
	Introduction
	The Invariant Eigen-Operator Method
	Searching for Energy-Gap of the Tomonaga Model by IEO Method
	Energy-Gap of the Electron-Electron Interaction Hamiltonian Gained by IEO Method
	Energy-Gap of the Electron-Phonon Interaction Hamiltonian with Use of IEO Method
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


